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Solutions are  ob t a ined  for the hea t  conduc t i on  equa t ion  in the case  

when the t h e r m a l  c o n d u c t i v i t y  is a h o m o g e n e o u s  func t ion  of the  c o -  
ord ina tes .  

Many p r o b l e m s  of m a t h e m a t i c a l  phys i c s  r educe  to 
in t eg ra t ion  of the  fol lowing d i f f e ren t i a l  equat ion:  

AOg) =div(Kgradcp)+Bcp+C, (1) 
Ot 

w h e r e  the coe f f i c i en t s  A, B, C, and K and the d e s i r e d  
funct ion q) depend on a l l  the c o o r d i n a t e s  and on t ime .  

The m a j o r i t y  of so lu t ions  of Eq. (1) pub l i shed  in 
the l i t e r a t u r e  has  been  ob ta ined  under  condi t ions  where  
A, B, C, and K a r e  cons t an t s .  

The ob jec t ive  of the p r e s e n t  p a p e r  is  to d e t e r m i n e  
exac t  p a r t i c u l a r  so lu t ions  of (1) under  the condi t ion  
where  l e s s  r i g o r o u s  r e s t r i c t i o n s  a r e  i m p o s e d  on the 
coe f f i c i en t s  of the  equation.  

It is  known [1] tha t  i n t eg ra t i on  of (1) does  not p r e -  
sen t  spec i a l  d i f f icu l ty  if the d e s i r e d  function and the 
coe f f i c i en t s  depend on one space  v a r i a b l e ,  i . e . ,  when 
(1) has  the  fo rm 

A(r,f) Ocp 1 0 (r~K(r , t )  Or 
o-7 = a-T + 

+ B (r, t)r + C (r, t), (2) 

w h e r e  n =  0 for  r = x ; n = l f o r  r = ( x  2 + y 2 ) l / 2 a n d n =  
= 2 for  r = (x 2 + y2 + z2)1/2. 

We sha l l  show that  Eq. (1) r e d u c e s  to an equat ion 
ana logous  to (2), not only when the coe f f i c i en t s  A, B, 
C, and K depend  only on r and t,  but a l so  in the m o r e  
g e n e r a l  ea se .  

Let  coe f f i c i en t s  A, B, and  C be r e p r e s e n t e d  by the 
fo l lowing r e l a t i o n s :  

A = a ( r , / ) K ;  B - - b ( r , t )  K; C = c ( r , t )  K, (3) 

w h e r e  K = K(x, y, z) is  a homogeneous  function of d e -  
g r e e  m,  

xK~ + yK~. + zK~ = mK (x, y, z). (4) 

If q) = qo(r,t), the o p e r a t o r  

L (cp) = div (K grad q~) (5) 

r e d u c e s  under  condi t ion  (4) to the fo rm 

L (r = -~r 2(O~r - rn-t-2r a~)  (6) 

Taking  account  of (3)- (6) ,  we obta in  the  equat ion 

82 ~p _4r m--I-2 O ~ -t- b ~ q- c. 
a Oft = 0 7  ~ Or (7) 

Equat ion (7) does not d e p e n d o n  the spec i f i c  form 
of the function K(x ,y ,  z), but only on the exponent  of 
the homogene i ty .  F o r  example ,  we m a y  t ake  the func-  
t ion K in the fo rm 

K (x, y, z) = ~ a~jk x~yiz ~, i + ] + k = m, 
i ,],k 

d,j,k~-O, 1, 2 . . . .  (8) 

w h e r e  a i jk  a r e  a r b i t r a r y  cons tan t s .  
The f inal  number  of cons tan t s  aij k does  not p e r m i t  

a full  d e s c r i p t i o n  of any inhomogeneous  me d i um,  but 
s ince  the exponent  of homogene i ty  m m a y  be  any r e a l  
n u m b e r ,  i t  m a y  be taken to be l a r g e  enough to al low 
the inhomogene i ty  of the med ium to be taken  into 
account  with suf f ic ien t  a c c u r a c y  in a number  of c a s e s .  

Let  (0q0/0t) = 0 (a s t a t i o n a r y  p rob l em)  and B = C = 
= 0. Then Eq. (7) t akes  the  fo rm 

d2q~ 1 - r n + 2  dq~ = 0 .  (9) 
dr ~ r dr 

The so lu t ion  of th is  equat ion wi l l  be a function d e -  
pending  on two a r b i t r a r y  cons tan t s  

(r) = Clr-(m+l> + C~. (10) 

F o r  m = 0 we obtain the wel l -known s p e c i a l  so lu t ion  of 
the L a p l a c e  equat ion,  which is  s i m u l t a n e o u s l y  a l so  a 
so lu t ion  of the equat ion 

(11) 

K(x, y, z) is  any homogeneous  funct ion of d e g r e e .  
Example .  We sha l l  d e t e r m i n e  the r a d i a l  heat  flux 

in a hollow s p h e r e ,  if the  s u r f a c e  r = r l  has  t e m p e r a -  
t u r e  ~01, and the s u r f a c e  r = r 2 has  t e m p e r a t u r e  ~2. 
The t h e r m a l  conduc t iv i ty  is  a un i fo rm function of d e -  
g r e e  m. These  r e q u i r e m e n t  a r e  s a t i s f i e d  by the func -  
t ion 

r~nl +1 r~n+' (q~l-- r0,) ( 1 l ) 
tp (r) = r~+l _ r~,+ 1 rm+~ r~+l -t- q01. (12) 

It is  i n t e r e s t i n g  tha t  the t e m p e r a t u r e  d i s t r i bu t i on  does  
not depend  on the spec i f i c  f o rm  of the  t h e r m a l  c o n -  
duct iv i ty ,  but  depends  only on the exponent  of u n i f o r -  
mi ty .  

The to ta l  hea t  flux is d e t e r m i n e d  f rom the f o r m u l a  

~ ~ OrP r2sin*d*" (13) Q = - -  dO K(r ,O,~p) -~r  

0 0 

Hence,  i t  may  be seen  tha t  Q depends  on the spec i f i c  
f o r m  of the  t h e r m a l  conduct iv i ty .  If, for  e x a m p l e ,  

K(x,y,z)~ax~n-t-~y2"W3?z~, n=O, 1,2 . . . . .  (14) 
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where  ~, fl, 7 a re  a r b i t r a r y  cons tan ts ,  then 

4n (~1-- ~ )  r~ ~+1 r~+l 2 

Q = r  - -  r~+~ (a + . ~  + v)- 
(:5) 

Various  known methods of ma thema t i ca l  physics  
(the F o u r i e r  method, the method of e igenfunct ions ,  
etc.) may be used in in tegra t ion  of (7) in the geuera l  case .  

If the coeff ic ients  a,  b, and c of (7) are  funct ions  
of r only, we may seek a solution in the form 

q9 ( r ,  t) = u ( r ,  t) + v(r), ( 1 6 )  

where  the funct ions u and v sa t i s fy  the equat ion 

a(r) O~u =O~u + i n + 2  Ou + b ( r ) u ,  (17) 
Ot Or ~ r Or 

and 

d:v rn + 2 dv 
_ _  .L = ( i s )  dr 2 ' r dr ~- bv ~ c(r) O. 

Separa t ing  the va r i ab l e s  in (17), we obtain 

u(r, t) = w(r) exp (--  ~t); (19) 

where k is  a constant ,  and w(r) is the solut ion of the 
equation 

O~w ~- m + 2  0w + ( b _ f . i ~ a i w = O .  (20) 
Or ~ r Or 

The subs t i tu t ion  
m+2 

w ( r ) = r  2 r 

reduces to the integration of the 

tion 

(21) 

following equa-  

d~---~+[ b(r)  dP m(m + 2 ) 4 P  ~- k a ] ~ = 0 .  (22) 

Wishing to obta in  s i m p l e r  e igenfunct ions ,  we shal l  
confine a t ten t ion  to the p a r t i c u l a r  case  of 

1 m ( m W 2 ) r J  ' ~,ao=a~, (23) a = ao, b (r) = ~-. 

where  a 0 and a k a re  a r b i t r a r y  cons tan ts .  Then the 
so lu t ion  of (22) wil l  be 

(r) = An cos a k r + Bk sin a k r. (24) 

The gene ra l  so lu t ion  of (18), under  the condi t ion that  
b(r)  is d e t e r m i n e d  by (23) and c(r)  is  any funct ion of 
r ,  has the form 

m+4 m+2 

,n+2 _m 

+(D,__fr-T-c(r) dr)r 2, (25) 

where  D 1 and D2 are  a r b i t r a r y  cons tan t s .  In the spe -  
c ial  case  when c = corn,  we obta in  

m+2 m 

v ( r ) = D l r  2 + D2 r 2 co r.§ 
5 (a --~) 

25 = m + 2n + 6. (26) 

Because of the l i nea r i t y  of Eq. (7), the solut ions ob-  
ta ined  a re  addit ive. .  F ina l ly  we obtain 

m-~-4 m+2 

rn4-2 rn 

) z :  + 
m+2 

-}-r 2 E ( A k c o s a k r - t - B k s i n a k r ) e x p  ( _  a~ t)o (27) 
k aO 

The a r b i t r a r y  cons tan ts  Dl, D2, A k and B k mus t  be 
de t e rmined  f rom the boundary  and in i t ia l  condi t ions.  

As an example we shal l  examine  a spher ica l  shell ,  
on the outer  sur face  of which a cons tant  t e m p e r a t u r e  
of zero  is main ta ined ,  and a cons tant  t e m p e r a t u r e  T 
on the i n t e rna l  surface.  This leads to the following 
boundary  condi t ions:  

qg=O, r = r ~ ;  

= T, r :=.%. (28) 

With c = corn, the solut ion 

trt~-2 __~ 

~ ( r , t ) =  D l r  2 -+- D 2 r  2 Co rn+Z + 
5(~--i) 

m+2 

-~-r " 2 - ~ M k s i n c t  k = ( r - r = )  exp {__ aM { ) 
k t .  a0 

satisfies these boundary conditions, where 

(29) 

a ~ = - - ,  ~ @ 0 ,  1, 
f l - - r 2  

l 
DI--~ - -  r~ - -  D2rl, 

5 ( 6 -  1) 
m+2 

Tr 2 2 -t- ~ 1  (%~ __ r l )  
D2-- 5 (5 - -  1 )  (30) 

Y 2 - - r l  

The cons tant  coeff ic ient  M k m u s t  be de t e rmined  f rom 
the in i t ia l  condi t ion 

~l~=0 = / (r). (31) 

The problem of determining M k from condition (31) 
does net present any particular difficulty. 

If we put m and c o equal to zero in (29) (this implies 

that h and c are equal to zero in (7)) and take the ini- 

tial condition in the form 

epit=o - -  T, (32) 

we obtain the wel l -known solut ion of the equat ion 

0r 02~o 2 Oq~ 
a o - -  = + , (33) 

Ot Or ~ r Or 

which has the form 

k~1,2,3 

ao 

(34) 
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We note that in the case  of two dimensions  (r = 
= (x 2 + y2)1/2), m ~ 2 should be rep laced  by m + 1 in 
Eq. (7). 

For a region with cylindrical symmetry, we are 
interested in a solution of the form 

= ~tp,  z, t), p = V x ~  ~. (35) 

We shall  impose  the following res t r i c t ions  on the coe f -  
f icients  A, B, C and K: 

A : a ( p , z , t )  K; B-~-b(p,z,t)  K; C = c ( p , z , t )  K; 

xK~ + yK u = mK (x, y). (36) 

The opera to r  L(~) in this  ease  takes  the fo rm 

_ a ~  ,n+___[l a_~ ~.a,~ (37) 
L ( ~ ) - ~ +  o ao ' a : '  

while Eq. (1) r educes  to the following: 

O~ _02e#.~ m-Fl O~ a~_9_~ + b ~ + c "  (38) 
a Ot - -  ap ~ p O p ~- Oz 2 

Although this equation is s imple r  than the original ,  it 
is, however ,  suff icient ly compl ica ted  that it cannot 
be in tegra ted  for  any a, b, and c. Bear ing  in mind tha t  
we wish to apply the method of separa t ion  of var iab les  
l a te r  on, we shall  cons ider  that  a and b a r e  functions 
of only the var iab le  z. 

In o r d e r  to e l iminate  the var iable  t, we m ay  apply 
a Laplace  t r ans fo rma t ion  

Cv 

Se~p(- -p t )~(p ,z , t )d t= p~-(p, z) -- ~o. (39) 
0 

Then Eq. (38), for ~o = 0 and c = 0, takes the form 

3- +l a~ + _ _  ~m{+b(z): ' a~o m 
a (z) p~ =~-~+ ~, a p a :  (40) 

Let  ~(p, z) = f (p) r  (z) ; then it follows f rom (40) that 

(m: m+1 d:) :+~a: ' 
\d p2 q- p p 

Hence to de te rminef (p )  and $(z) we obtain two ord inary  
differential  equations.  

and 

4 ,t,_~___z + Ix (z) , = o, dz 2 
Ix(z) = b(z)--pa(z) -- ~,~ (42) 

2 
~p2q m + l  df +~s f=O.  (43) 

p d p -  

The solution of (43), depending on the Sign of k 2, has 
the form 

f (p) = p-,,:2 / z ~ :  (Zp), 

/Z~/2 (Q,p) 
(44) 

where  Z u(x) is a l inear  combinat ion of Bessel  functions 
of the f i r s t  and second kind, of imag ina ry  or  rea l  a r g u -  
ment.  

A la rge  number  of exact  solutions is known for Eq. 
(42) for  specif ic  fo rm of the coeff icient  ~(z). 

Because of the l inear i ty  of (40), the solution ob-  
ta ined may  be added, which allows solution of quite a 
l a rge  c l a s s  of boundary prob lems .  

R E F E R E N C E  

1. H. S. Cars law and J. C. Jaeger ,  Heat Conduc- 
t ion in Solids [Russian t ranslat ion] ,  Moscow, 1964. 

25 Apri l  1966 Advanced Control  Engineering 
College, Khar 'kov  


